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' Abstract. Let G be a finite group. Over any finite G-poset V we may define a transporter 

category as the corresponding Grothendieck construction. The classifying space of the trans- 
porter category is the Borel construction on the G-space BV, while the fc-category algebra of 
■ the transporter category is the (Gorenstein) skew group algebra on the G-algebra kV. 

' We introduce a support variety theory for the category algebras of transporter categories. 

' It extends Carlson's support variety theory on group cohomology rings to equivariant coho- 



=3 



mology rings. In the mean time it provides a class of (usually non selfinjective) algebras to 
which Snashall-Solberg's (Hochschild) support variety theory applies. Various properties will 
be developed. Particularly we establish a Quillen stratification for modules. 

1. Introduction 



(N 

q 

' Let G be a finite group and V a finite G-poset. Tliroughout this paper, we assume k is an 



algebraically closed field of characteristic p, dividing the order of G. We are interested in a finite 
category G (x V, which is the Grothendieck construction on the G-poset V and which we will 
call a transporter category in this paper. When G = {e} is trivial, {e} (x V ^ V and when 
■p = • is trivial, G oc • = G. A transporter category G (xV is the algebraic or categorical 
CO , predecessor of the Borel construction EG xq BV on the finite G-CW-complex BV, in the sense 

' that B {G (X V) ^ EG XqBV. Our interests in transporter categories come from the fact that the 

equivariant cohomology ring Hg(i?7^, k) = 'H*{EGxaBV, k) is Noetherian. Through an algebraic 
' construction of the equivariant cohomology ring, we may introduce in a natural way modules over 

, this ring and hence extend Carlson's support variety theory for finite group algebras to one for 

finite transporter category algebras. 
, Let us recall some historical developments in support variety theory. Suppose a G-space X 

is compact or paracompact with finite cohomological dimension. Quillen [23l [24] proved that 
Hg(-'^) is Noetherian. Following his notation, we put Hg(^) to be IIq{X) if p = 2 or Hg'(X), 
the even part of the equivariant cohomology ring, if p > 3. When X = • is just a point fixed 
, by G, the equivariant ring reduces to the group cohomology ring and we shall write TLq = Hg(*) 

r% ■ and Hg = Hg(»)- Quillen's work began with the observation that the graded ring Hg(^) is 

, commutative Noetherian. It enabled him to define an affine variety Vg,x as the maximal ideal 

spectrum MaxSpecHGl-''^), and subsequently described it in terms of Ve — Ve,. — MaxSpecHs, 
where E runs over the set of all elementary abelian p-subgroups of G. This is what we nowadays 
refer to as the Quillen stratification. Restricting to the special case of X = •, based on the fact 
that Ext^Q(M, A/) is finitely generated over Hq = Ext^Q(fc,fc), Carlson [TT] extended Quillen's 
work by attaching to every finitely generated fcG-module M a subvariety of Vg = Vg,», denoted 
by Vg{M) = MaxSpecHG/^Gl-^); called the (cohomological) support variety of M, where Ig(M) 
is the kernel of the following map 

(t)M = - ®fe M : Hg = Extldk, k) Ext^c(M, M). 

Especially since 0^ is the identity, Vg = Vcik). Following Carlson's construction, Avrunin and 
Scott f5] quickly generalized the Quillen stratification from Vg to Vg{M). By showing that support 
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varieties are well-behaved with respect to module operations, gradually Benson, Carlson and many 
others developed a remarkable theory, being a significant progress in group representations and 
cohomology. Since then, some other analogous support variety theories have been introduced for 
restricted Lie algebras [17] , for finite group schemes |6l [18] , for complete intersections |4] and for 
certain finite-dimensional algebras [2TJ [151 ES] . 

Quillen's work on equivariant cohomology rings has not been fully exploited, partially because 
there existed no suitable modules which Hg(^) (hence Hg(^)) acts on or maps to, as in Carlson's 
theory. In this article we attempt to use category algebras to solve the problem: if X = BV comes 
from a finite G-poset, then we consider the category algebra k{G oc V) of the transporter category 
G (xV, based on which we will generalize Carlson's theory. In fact, let k be the trivial k{G (x V)- 
module (see Section 2.2). Then Ext^ ^g^p-) (fc, fc) is a graded commutative ring and there exists a 
natural ring isomorphism 

Ext^ (G^P) {k,k) = n*{EGy^GBV,k)^Bh{BV,k). 

We shall call the above ring the ordinary cohomology ring of /c (G oc V) (instead of the equivariant 
cohomology ring), as opposed to the Hochschild cohomology ring of k{G ccV). Then we define 
VgocV — Vg.bv — MaxSpecHG(S7'). The virtue of having an entirely algebraic construction of 
the equivariant cohomology theory is that it allows us to consider 

Ext*(GocP)(9^,?^) 

for any finitely generated 9Jt, D'l G fc (G oc 7')-mod, and moreover construct a map 

= -®m : Ext^(G^p)(fc,fc) ^ Ext^(GocP)(»^,2«)- 

Here ® is the tensor product in the closed symmetric monoidal category [k (G oc 7')-mod, (X>, fc). 
Note that k serves as the tensor identity. Since we have shown in [32] that Ext^ (GocP) ^) 
is finitely generated over the ordinary cohomology ring, we may define the support variety of 

G fc(G oc P)-mod as Vgo,v{^) = MaxSpecHG(-B7')//Goc-p(2t), where Igocv{^) is the kernel 
of (/)grjt. Especially VgocV = VcocviM)- When V — the is exactly Carlson's construction because 
k{G oc •) = fcG, k becomes the trivial fcG-module k and ® reduces to <8)/c under the circumstance. 

As a surprising consequence of our investigations of transporter category algebras, we assert 
that Snashall-Solberg's (Hochschild) support variety theory (for Gorenstein algebras) applies to 
every block of a finite transporter category algebra. Furthermore, our support variety theory is 
closely related with Snashall-Solberg's as what happens in the case of group algebras and their 
blocks. A notable point is that the block algebras of a transporter category algebra are usually non- 
selfinjective and non-commutative, opposing to the cases of (selfinjective) Hopf algebras [TT|[6[fT8] 
and of commutative Gorenstein algebras [3] considered by others. 

This paper is organized as follows. Section 2 recalls the definitions of a transporter category, 
a category algebra and the category cohomology. Various necessary constructions are recorded 
for the convenience of the reader. Here we show a transporter category algebra is Gorenstein 
and the ordinary cohomology ring of such an algebra is identified with an equivariant cohomology 
ring. Then in Section 3, we define the support variety for a module over a transporter category 
algebra. To motivate the reader, we describe the relevant works of Carlson, Linckelmann and 
Snashall-Solberg, before we develop some standard properties. Sections 4 and 5 contain various 
properties of support varieties, including the Quillen stratification for modules, as well as results 
related with sub-transporter categories and tensor products. Notably we propose a concept of 
support varieties of Mackey functors. 

2. PRELIMINARIES 

In this section, we recall the definition of a transporter category and some background in 
category algebras. Throughout this article we will only consider finite categories, in the sense that 
they have finitely many morphisms. Thus a group G, or a G-poset V, is always finite. 

The morphisms in a poset are customarily denoted by <. The dimension of a poset V, dimP, 
is defined to be the maximal integer n such that a chain of non-isomorphisms xq < xi < ■ ■ ■ < Xn 
exists in V. 
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Any G-set is usually regarded as a G-poset with trivial relations. One the other hand, since in 
a G-poset V, both OhV and MorP are naturally G-sets, we shall use terminologies for G-sets in 
our situation without further comments. 

2.1. Transporter categories as Grothendieck constructions. We deem a group as a category 
with one object, usually denoted by •. The identity of a group G is always named e. We say a 
poset ■p is a G-poset if there exists a functor F from G to sCats, the category of small categories, 
such that -F(») = V. It is equivalent to say that we have a group homomorphism G — !■ Aut(7'). 
The Grothendieck construction on F will be called a transporter category. 

Definition 2.1.1. Let G be a group and V a G-poset. The transporter category G oc V has the 
same objects as V, that is, Ob(G (x V) = OhV. For a;,y G Ob(G oc V), a niorphism from x to y 
is a pair (g, gx < y) for some g e G. 

If {g,gx < y) and (/i, hy < z) are two morphisms in G ccV, then their composite is easily seen 
to be {hg, {hg)x < z) ^ {h, hy < z) o {g, gx <y). 

Remark 2.1.2. One can check directly that if }iomQcx-p{x,y) ^ then both AutcocP (a^) and 
AutGoc-p(?/) act freely on HomGoc-p(a;, y). This simple observation is quite useful to us. 

We note that for each x G Ob (G oc 7^) = ObP, K\x\q^-p{x) is exactly the isotropy group of 
X. For the sake of simplicity, we will often write Gx = AutGocp(a;), and \x\ — Gx. the orbit of x. 
Note that [x] is a G-set, consisting of exactly the objects in G oc T-" that are isomorphic to x. 

If V\ is a Gi-poset and Vi is a G2-poset, then 

(Gi X G2) oc (Pi X Vi) = (Gi oc Pi) X (G2 oc P2). 
We will utilize this in Section 5.2. 

From the definition one can easily see that there is a natural embedding t : P M> G oc P via 
(2; 2/) (ej^; < y). On the other hand, the transporter category admits a natural functor 
TT : G oc P — >■ G, given by a; H> • and (g, gx <y) ^ g. Thus we always have a sequence of functors 

pAG oc P^G 

such that TT o t(P) is the trivial subgroup or subcategory of G. Topologically it is well known that 
B(G oa V) hocolimcBP ~ EG xq BV. Passing to classifying spaces, we obtain a fibration 
sequence 

BV^EG Xg BV^BG. 
Forming the transporter category over a G-poset eliminates the G-action, and thus is the algebraic 
analogy of introducing a Borel construction over a G-space. This is the first instance explaining 
why a transporter category has anything to do with the equivariant cohomology theory. 

Example 2.1.3. If G acts trivially on P, then G oc P = GxP. In this case for any x £ Ob(GxP), 
Gx = G. 

Example 2.1.4. Let G be a finite group and H a subgroup. We consider the set of left cosets 
G/ H which can be regarded as a G-poset: G acts via left multiplication. The transporter category 
G oc {G/ H) is a connected groupoid whose skeleton is isomorphic to H. In this way one can recover 
all subgroups of G, up to category equivalences. Making Grothendieck constructions on transitive 
G-sets reveals the isotropy groups. 

For an arbitrary G-poset P and x € ObP, we have a category equivalence G oc [x] ~ G^;, see 
Remark 2.1.2. For instance, G acts on P = Sp, the poset of non-identity p-subgroup of G, by 
conjugation. Then Gx — Ng{x) for every x G Ob(G oc Sp) = Oh Sp. The isotropy group of x, Gx, 
is frequently identified with the transporter category Gx x x ^ Gx x •. 

In the upcoming Section 2.2 we will see that a category equivalence V C induces a Morita 
equivalence between their category algebras, kT) ~ kC, as well as a homotopy equivalence BV ~ 
BC (see [28]). It means there is no essential difference between H and G oc (G/H) as far as we 
concern. Hence it makes sense if we deem transporter categories as generalized subgroups for a 
fixed finite group. 
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2.2. Category algebras and their representations. We recall some facts about category al- 
gebras. The reader is referred to |28[ [50] for further details. Let C be a finite category and k a 
field. One can define the category algebra kC, which, as a vector space, has a basis the set of all 
morphisms in C. We then define a product on the base elements and extend it linearly to kC. The 
product a * /? of any two base elements a, /3 G MorC is defined to be a/3, if they are composable, 
or zero otherwise. It is a finite-dimensional associative algebra with identity 1 = X^^eObC 
category algebra kC possesses a distinguished module k, called the trivial module. It can be defined 
as fc = fcObC. If a is a base element of kC and x G ObC, we ask a ■ x = y ii a ^ IIomc(a;,y). 
Otherwise we set a ■ x — Q. 

When C is a group, kC is exactly the group algebra and k ~ k. All modules we consider 
here are finitely generated left modules, unless otherwise specified. As a convention, throughout 
this article, the fcG-modules are usually written as M, N etc, while the modules of a (non-group) 
category algebra kC are denoted by OK, 91 etc., except some distinguished modules, namely k and, 
in the special case of C = G oc P, km which are obtained from fcG-modules (to be defined shortly). 

A k-representation of C is a covariant functor from C to Vectk^ the category of finite dimensional 
fc- vector spaces. All representations of C form the functor category Vect^. By a theorem of B. 
Mitchell (see [28]), the finitely generated left fcC-modules are the same as the fc-representations of 
C, in the sense that there exists a natural equivalence 

Vect^ ^ fcC-mod. 

It is often helpful to utilize the underlying functor structure of a module. For instance, upon 
the preceding category equivalence we can alternatively define the trivial module A: as a constant 
functor taking k as its value at every object of C. Meanwhile since Vectk is a symmetric monoidal 
category, Vect^ inherits this structure. It means there exists an (internal) tensor product, or the 
pointwise tensor product, written as (E), such that for any two fcC-modules 931,91, (971091) (x) := 
9n(a;) (E)k ^{x). Let a G MorC be a base element of kC. Then a acts on 9Jt(8)9l via a(E)ct. Obviously 
k is the tensor identity with respect to and 971091 = 910931. The category fcC-mod has function 
objects, also called internal horn [30J, in the sense that, for £,9Jl, 91 G fcC-mod, 

Homfcc(£0Wt,9T) ^ Homfec(£,'Hom(9Jl,9l)). 

We record the basic tools for comparing category algebras and their modules. When t : V ^ C 
is a functor between two finite categories, there are adjoint functors for comparing their repre- 
sentations. The functor r usually does not induce an algebra homomorphism from kD to kC. 
However it does induce an exact functor, called the restriction along r, 

Resp : fcC-mod — > fcP-mod. 

If we regard a fcC-module as a functor, then its restriction is the precomposition with r. If 
we consider the functor tt : G oc V G, then any fcG-module M restricts to a k{G oc V)- 
module, written as km — ReSg^^p M, with only one exception k = Kk = Kes^^^ k. It is known 
that 'Hom{KM , kn) = K-iiom,,{M.N) for t'^o A'I,N G fcG-mod. In this paper, for the sake of 
simplicity, if I? — > C is a functor and 971 is a fcC-module, when it will not cause confusions, we 
sometimes neglect Resp and regard 97t (instead of Resp 971) as a fc2?-module. 

The functor ReSp is equipped with two adjoints: the left and right Kan extensions along r 

LK%,RK% : kV-mod fcC-mod. 

The definition of the left and right Kan extensions depend on the so-called over-categories and 
under-categories, respectively. Despite their seemingly abstract definitions, they are quite com- 
putable and thus play an important role in category representations and cohomology, see [STJ 
[32], as well as Sections 2.5, 3.4 and 4.1. 

Note that our notations for the restriction and Kan extensions are slightly different from earlier 
articles. The reason is that in this place we feel it is necessary to emphasize the two categories 
involved in order to make the notations more indicative. 
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2.3. EI categories. When a category C is an EI category, that is, every endomorphism is an 
isomorphism, there exists a natural partial order on the set of isomorphism classes of objects in C 
[281 - Indeed the partial order is given by [x] < [y] if and only if Home (a;,?/) 7^ 0. Groups, posets 
and transporter categories are all EI categories. The upshot is that this partial order allows us 
to give a filtration of any fcC-module dJl. Let us call x G ObC an VJl- object if 9Jl(x) ^ 0. Assume 
X is minimal among all OT-object, then we can define a submodule dJlx such that dJlxiy) = ^{y) 
unless y = X in C, in which case dJtx{y) = 0. Then we have a short exact sequence 

O^Mx^M^ M/mx 0. 

Denote by dJlx — OT/COt^. This is an example of the so-called atomic modules of fcC A fcC-module 
dJl is called atomic if as a functor 971 takes zero values on all but one isomorphism classes of 
objects. From the above analysis we see that every DJl admits a filtration with atomic modules as 
composition factors. Obviously from any module 2t and an SlJl-object x we may define an atomic 
module by brutal truncation (the restriction along the inclusion [x] — >■ C). Abusing terminology, 
we always write such modules as VJtx- 

Assume C is finite EI. Then we can characterize projective and injective fcC-modules. Recall 
from [28J that each indecomposable left (resp. right) projective fcC-module, up to isomorphism, is 
a direct summand of fcIIomc(a;, —) = kC ■ Ix (resp. A;Homc(— ,2;) = Ix • kC) for some x £ ObC. 
The (indecomposable) right (resp. left) injective modules can be obtained as fc-duality. 

Lemma 2.3.1. (1) If ^ is a projective (or injective) fc (G oc V)-module, then ^x is a projec- 
tive k{G oc [x])-module, for all ^-objects x. 

(2) A k (G (X V) -module 9Jl is of finite projective (equivalently, finite injective) dimension 
if and only if dJlx is a projective k{G oc [x])-module, for all DJl-objects x. Under the 
circumstance, both proj.dimSJl and inj.dimSJl are bounded by dim P. 

(3) The transporter category algebra k {G ocV) is Gorenstein, which means as either the left 
or the right regular module, it has finite injective dimension. 

Proof. These are direct consequences of the fact that \i Yiovnc ocvixTy) 7^ 0, then kHomcxvix^y) 
is both free kGx- and fcGy-module, along with the characterizations of projectives and injectives. 
We only prove (2). 

Let — 93t — be a finite projective resolution. Then its restriction to G oc [x] is a finite 
projective resolution of dRx- Since G oc [x] ~ G^;, their category algebras are Morita equivalent 
and thus fc(G oc [x]) is selfinjective. Then the finite projective resolution i^x)* SO^a; splits 
and 971a; is a projective (and injective) fc(G oc [a;])-module. On the other hand, assume 9Jt satisfies 
the property that dJlx is projective (or zero) for every object x. Take the projective cover *p SOt. 
We immediately know that '^x '^x splits as a fc(G oc [x])-map. Let [yi],--- , [j/n] be the 
isomorphism classes of all minimal objects among OJl-objects. Then ® is the projective 

cover of 97lj, which implies = Hence if we examine the kernel 9Tt' of Cp — ?> 9Jt, it 

has the property that 971^ is a projective k{G oc [?/])-module for all objects y such that [y] > [yi] 
for some 1 < i < n, and zero else. Repeat the same process for DJl', eventually we will obtain the 
finite projective resolution of 971. It implies proj.dim9Tl < dimP. 

As to the injective dimension, we consider the right fc (G oc P)-module 9Jl^ . It satisfies 971^ (x) — 
9Jl(x)^. Similar to the left module situation, it has a finite projective resolution. When we dualize 
it, it becomes an injective resolution of 97t. □ 

Since G oc [a;] ~ Gx (see Example 2.1.4.), in the first two statements, we may replace ^x-, ^x-, 
k{G oc [a:]) by ^{x), 97l(a;), kGx, respectively. 

It is helpful to give the following characterization of a transporter category algebra as a skew 
group algebra. Recall from [3l Chapt. HI, Section 4] that if a fc- algebra A is a G-algebra, then 
we may define the skew group algebra A[G] to be the fc-vector space A ®fe fcG equipped with a 
multiplication rule determined by 

(oi (g) 51) * (02 ® 52) = ai(gi • 02) <8) gi52, 

where 01,02 £ A and 51,(72 G G. Here gi ■ 02 means the image of 02 under the action of gi. For 
instance we immediately have fcG = (fc»)[G]. The reader is referred to |2j and ^ for further details 
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and known results about skew group algebras. Proposition 2.2 of [2J says that A[G] is Gorenstein 
if and only if A is. Since it is easy to verify that kV is Gorenstein, with the following result we 
have another proof of fc (G oc V) being Gorenstein. 

Lemma 2.3.2. There is an algebra isomorphism k {G (x V) ^ kV[G]. 

Proof. The isomorphism is given by (gx < y,g) ^ {gx < y) ® g with inverse [x < y) ® h ^-^ 
{h{h-^x) < y,h) for x,y £ OhV and g,h e G. □ 

The modular representation theory of A: (G oc V) will be studied in another place. 



2.4. Category cohomology and spectrum. For any two fcC-modules it makes sense to consider 
Extfcc(9^, 9t) = 0i>o Extlc h^, m). Furthermore if M' and Ul' are two other modules, the tensor 
product g) induces a cup product as follows 

u : Extic{m,m) (^F^xti^im' ,m') F^xt^^^ (m^m' ,m^m'). 

In particular Ext^^(fc, fc) is a graded commutative ring and we have a natural isomorphism 
Ext^c(fc,fc) ^ H*(BC,fc) |30| . This ring is called the ordinary cohomology ring of fcC and it 
acts on Ext^c(^j^) ^^e cup product. For any fcC-module dJt, the Yoneda splice provides a 
ring structure on Ext^^ ^) • When DJl — k, the cup product and Yoneda splice give the same 
ring structure on Ext^Q{k,k). There exists a ring homomorphism whose image lies in the center 
of the graded ring F^xtl^M, M) 

-(g>m : Extfcc(fc,fc) Extlci^,m). 

Moreover given a short exact sequence 9Hi — ?► 9Jl2 9^3 the resulting connecting 
homomorphism is a morphism of Ext^(^(fc, fc)-modules. 

In summary, finite category cohomology behaves very much like the special case of finite group 
cohomology. except the finite generation property. The ordinary cohomology ring of a category 
algebra is usually far from finitely generated, but it is so when C = G oc P is finite as it is 
isomorphic to the equivariant cohomology ring }iQ{B'P,k), see Section 2.5 and |23l 131] . 

The functor Res^ introduced earlier leads to a restriction on cohomology 

resS : ^^tlciLk) ^ Ext^p(fc, fc). 

It coincides with the restriction H*(-BC,fc) — > 'H*{B'D,k), induced by the continuous map Bt : 
BV BC between two classifying spaces, see |30) . 

From now on, we assume fc is algebraically closed. Throughout this paper let us denote by 

, , (1 i \ / Elxt^2(fc,fc), if the characteristic of fc = 2; 

H(C) = Extfec (fc, fc) = I g^^2* ^) ^ ^j^g characteristic of fc > 2. 

This graded ring is commutative. If Ext^g(fc, fc) is Noetherian, then we can consider the maximal 
ideal spectrum, an afhne variety, 

Vc = MaxSpecH(C). 

Under the circumstance we will call Vq the variety of C. 

Assume both Ext^(j(fc, fc) and Extjlp(fc, fc) are Noetherian and there exists a functor t -.V ^ C. 
Since the preimage of a maximal ideal is still a maximal ideal, there exists a map between two 
varieties 

4 (res^)-i : Vv -> Vc- 

These varieties and their subvarieties are our main subjects and thus it is helpful if we can 
handle the restriction. In various interesting cases the map is well understood. As an application 
of Lemma 2.3.1 we obtain the following result. 
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Lemma 2.4.1. Consider a transporter category GccV and an object x £ Ob(Goc7'). Then 
the inclusions Gx xx— J-Goc [x\ G ocV induce two restrictions which fit into the following 
commutative diagram 

GotiV 



for any two modules 971, £ fc (G oc 'P)-mod. 

Proof. Let *p — > SOT — > be a projective resolution. Then — ;> SJlj. ^ remains a projective 
resolution of the kG oc [xj-module QJl^;, by Lemma 2.3.1 (1). Hence the functor 

resg^^] -.kiGccV) -mod ^ k{G oc [a;])-mod 

induces a restriction 

resg^W : Ext^(GocP)(93t,91) ^ Ext*(GocM) (9^^, ^x)- 

Similarly we have a map resg"'^^. The commutative diagram follows directly from the natural 
isomorphism Ext*f.(^Q^[^-^^{dJtx ,^x) = Ext^g^ (9Jt(a;), ^yi(x)). □ 

Because the two restrictions resg^^^ : Ext^ (^^^^^(OJt, 9Jt) Ext^g.^ (97l(a;), 9Jt(x)) andres^|^^j : 
Ext^ (g.gjp-, (COT, COT) — i> Ext^(g.^[^]-) (COTj:, COTj:) are ring homomorphisms with respect to the Yoneda 
splice, there are two maps 

induced by res^; for SOT = CTT = fc, and similarly 

^gZ[x] ■ Vg^[x] VgocV- 

Note that Vq^xx = Vgoc[x]- 

2.5. Bar resolution and equivariant cohomology. One concept that we will refer to is the 
bar resolution *8j, a combinatorially constructed projective resolution, of fc G fcC-mod. Given a 
functor r : 2? — C, one can define C*(r/— a complex of projective fcC-modules, such that, 
for each x G ObC, t/x is a finite category (the category over x or just an overcategory) and 
C*(r/x, k) is the (normalized) chain complex resulting from the simplicial fc- vector spaces coming 
from the nerve oi t/x [29J. Since overcategories are used in the proof of a couple of results in 
the next section, we recall its definition. The objects oi t/x are pairs (d, a) where d G OhV and 
a : T{d) — X is a morphism in C. A morphism from (d, a) to (d', a') is a morphism f : d ^ d' in 
V, satisfying a = T{f )a' . For each finite category T) we define *Bj' = C,(Idp /— , fc). It is known 
that 

LKgS? =C,(T/-,fc). 

As an example, for a group G the only overcategory Idg /•is the Cayley graph and thus is 
the bar resolution of k in group cohomology. For the convenience of the reader we recall from 
|31j how we obtain equivariant cohomology from category cohomology. Since we can explicitly 
calculate the unique overcategory as tt/^ = Idg / • xT^, it follows that 

ii^g^pSf - C,(7r/^, fc) ~ »f C,(P, fc) 

Thus we have the following chain isomorphisms and homotopy, for any M G fcG-mod, 

Hom,. (GocP)('8f ^^m) = HomfcG(iifgocP*S?"^. M) 

~HomfcG(*B? ®k C4V,k),M) 
^HomfcG(*Bf,Homfe(C4P,fc),Af)). 

Note that C,(7^, fc) is a finite complex and consists in each dimension of a permutation fcG-module. 
From \10i VII.7] we see immediately Ext^ (Goc-p) (i, ^^m) = Rq{BV,M) for any M G fcG-mod. 
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In [31] we also established the following isomorphism 

Extfe(G^P)(KA/,D^) ^ Extfc(e^p)(fc,7{om(KM,^)). 
Since nom{KM,KN) = K-Hom^iALN), the Ext^ (^^^^(fc, fc)-action on 

Extfc (GocP)('«M, KAf ) = Extfc (GocV)ik, 'Hom{KM,KM)) 

can be obtained from the canonical map k — !■ Tiom^KM, hm) = '*Endfe(M)i induced by Ik i— > Hm- 
This is analogous to the group case. 

3. Support varieties for modules 

Let k be an algebraically closed field. Suppose C = G oc P is a transporter category. We have 
learned that Ext^ (•(^^^^^(A:, fc) is Noetherian, over which Ext^ *Tt) is a finitely generated 

module. The action factors through the natural ring homomorphism 

~®m : Ext^(Go,P)(fc,fc) ^ Ext*(G^p)(»l,97l), 

and 

-m : Ext*(G^^)afc) ^ Ext*(co.P)(ai,at). 

Based on these, we are about to develop a support variety theory. Since a transporter category 
G (xV is intimately related with G, we will see our theory is a generalization of Carlson's theory. 
Standard references for Carlson's theory include [7', Chapter 5] and fW, Chapters 8, 9, 10]. 

3.1. Basic definitions. For convenience, we shall assume G oc P is connected, unless otherwise 
specified. It is equivalent to saying that fc S fc (G oc P)-mod is indecomposable or that 

Ext^(GocP)(fc,fc) = H°(S (G cx T'), fc) = k. 
It does not mean that V is connected, see Example 2.1.4. 

Definition 3.1.1. Given a transporter category G (xP and modules OT, ^Tl G fc (G (x 7-')-mod, we 
write /g(x'p(9^) for the kernel of the map 

-(E>m : Extfc(GocP)(fc,fc) ^ Extfe(Go.P)(»t,9Jl), 

and Vgocv{^)j the support variety of 9H, for the subvariety MaxSpec(lI(G oc 7')//gocT'(9K)) of 
VgxV = Vcocvik). 

Since both Ext^ (^gxV) ^71) and Ext^ (gxV) ^) ^"^t on Ext^. (Qqc-p) (3^; ^) via Yoneda splice, 
we further define /gocP (9^, 91) as the annihilator of Ext^ {Goc'P){ki k) on Ext^ (Q^^p-) (9Jt, 91) . Then 
we set VGocp(9?t,fn) = MaxSpec(H(G cx 7')//Gocp(S[n, 91)). 

We say a subvariety of VgcxlV is trivial if it is m = Ext^j^Qj^p-)(fc, fc), the positive part of 

Extfc(GocP)(fc, fc)- 

Since /gcxP OT) = /Gocp(97t), we get that VfeocP (9Jt, 9K) = Vgcxp(OT), and that 

/gocp(9?1,91) c loocvm) + iG^vm- 

The latter implies 

VfeocplOT,^!) C Fgocp(OT) nFGocp(^n). 

Let 7-" be a G-poset and Q an i?-poset. Suppose there exists a group homomorphism cj) : H ^ G 
as well as a functor 6 : Q ^ V such that (j){h)9 = 6* o ft, for all /i G i/. For convenience we record 
such a map as (0, 0) : {H, Q) (G, P). They induce a functor 

e:i/cxQ^GocP, 

which in turn gives rise to a restriction map 

resg^g : Extl ^GocV)ik, k) ^ ^^^iHocQjiLk) 

and a map between varieties 

'-ffKS ■ VhocQ Vcoc-p. 

For instance. Lemma 2.4.1 dealt with {i,i) : {Gx,x) ^ {G,V) and (IdG,*) : (G, [a;]) (G, P), 
where i stands for the inclusion. 
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Example 3.1.2. Suppose G acts trivially on V. Then {ldQ,pt) : {G,V) (G, •) induce tt : 
G<xV and 

resgxP : Extfcc(fc,fc) ^ Ext^(c.xp) (fc, fc) 
Since Ext^(Qxp-)(fc, fc) = Ext^<5(fc,fc) (8> Ext^p (fc, fc) by the Kiinneth formula, and Ext^p(fc, fc) = 
H*(S'P, fc) is finite-dimensional, Vgxv = Yin where n is the number of connected components 
of V. The restriction induces a natural map Vgxv Vg- With the assumption that G oc V — 
G X P is connected, we actually have n — 1 because G x P is connected if and only if V is. 

At this point, it seems to be a good idea to compare our theory with those of Carlson, Linck- 
elmann and Snashall-Solberg. By putting our approach into the right context, we can better 
understand the ideas and see what properties we may expect. Afterwards, we will present various 
results concerning support varieties. 

3.2. Carlson's theory. When V — • our theory is just the theory of Carlson. However, com- 
bining recent works in group and category cohomology, Carlson's theory can be recovered in a 
more subtle way. To be explicit, if k.m ^ k{G (x P)-mod for some A/ G fcG-mod, then we have a 
commutative diagram |32| 

Ext^G(fc, fc) ^ Ext*G(M, M) 

Extfe(c^P)(fc, fc) ^ ^ Ext^ (GocV){'^M, Km) 

One can quickly deduce that the restriction map induces 

ExtfcG(fc, fc)//G(M) Extfe(g3^p)(fc,fc)//Gocp(KAf), 

and hence a finite (usually not surjective) map 

Vfccxp(KM) ^ Vg{.M). 

If the Euler characteristic x(^j is invertible in fc, then by using the Becker-Gottlieb transfer 
map ^32j . both vertical maps are injective. Furthermore, if we let V — Sp, the poset of non-identity 
p-subgroups of G, the left res^^^ becomes an algebra isomorphism (see [10, Chap. X, Section 7] 
and |14[ Part I, Sections 7 and 8] for instance). Hence we get 

Ig{M) ^ IgocS,{hm) and Vg{M) ^VGo,sMM)■ 
lt means that various properties of Vg{M) can be rewritten for Vgo^Sp{i^m)- As an example we 
have a tensor product formula 

VgocS^m^kn) = VgocsMm®n) = Vg(M ®N)^ Vg{M) n Vg{N) ^ VgocS^m) n Vgo,v{hn)- 
Here the third equality comes from [71 Theorem 5.7.1]. One can similarly deduce other properties 
for VgcxS {i^m) but we shall leave it to the reader as they are just reformulations of known results 
for Vg{M). Our interests really lie in VgocS (2t), or more generally Vgocv{^), for modules 
9^ 7^ Kjv/ for any M £ /cG-mod. 

In the above arguments, Sp may be replaced by various G-subposets which are G-homotopy 
equivalent to it, see [7, Section 6.6]. A typical example is £p, the G-poset of all elementary abelian 
p-subgroups of G. However we want to emphasize that most of our results are established without 
specifying a poset, see for instance Sections 4 and 5. 

3.3. Varieties in blocks. A group algebra can be written as a direct product of (indecomposable) 
block algebras hi. (Here for convenience we denote by b, instead of kGb, a block algebra.) Each 
indecomposable fcG-module belongs to exactly one of these blocks in the sense that all but one 
block act as zero on it. The block that k belongs to is called the principal block, denoted by Bq. 

In [20J , Linckelmann introduced to each block algebra b a Noetherian graded commutative ring 
H*(&), called the block cohomology ring. Then he showed that there exists a natural injective 
homomorphism 

H*(5) ^HH*(fe), 
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and thus H*(&) acts on ExtJ(Af, M) via HH*(6) = Ext^e(&, 6) (this action is explained in Section 
3.4), if M G 6-mod. Particularly if bo is the principal block of a group algebra kG, then H*(&o) 
is isomorphic to H*{G, k) and the above injection coincides with the composite of two canonical 
maps 

H*(6o) = H*(G, k) ^ HH*(fcG) ^ HH*(6o). 

Based on these, he was able to define support varieties for modules of a block algebra as above 
in a natural way j21| . being a refinement of Carlson's theory. Most significantly Linckelmann's 
work brought Hochschild cohomology into the theory of support varieties, which was taken up 
by Snashall and Solberg to develop a new support variety theory using Hochschild cohomology 
rings, see Section 3.4. Recently |22j Linckelmann had demonstrated that, for a block algebra 6, 
the inclusion T{*{h) — >■ HH*(6) induces an isomorphism upon quotient out nilpotent elements. It 
implies that the two support variety theories, of Lincklemann based on the block cohomology ring 
and of Snashall-Solberg defined over the Hochschild cohomology ring of a block of a finite group, 
are identical. See as well. 

3.4. Snashall-Solberg's theory. Snashall and Solberg [33] developed a support variety theory 
for certain finite-dimensional algebras using Hochschild cohomology rings. Let A be a finite- 
dimensional algebra, and M, N two finitely generated A-modules. Then there exists a natural 
action of the Hochschild cohomology ring on Ext groups via the following homomorphism 

(j)t^i = -(g,^M : Exi*^.{A, A) Ext\{M, M). 

Based on Yoneda splice, one can introduce an action on Ext^(M, N) for any two A-modules. 

For technical reasons, now let A be an indecomposable algebra. Consequently Z{A) becomes a 
commutative local algebra. Let HH(^) = Ext^e(A, ^) be defined in the same fashion as H(C) in 
Section 2.4. Assume 

(Fg.l) there is a graded Noetherian subalgebra H C Ext^. {A, A) with H° = Ext^e {A, A) = Z{A); 
and 

(Eg. 2) for any M, N G A-mod, Ext^(M, N) is finitely generated over H. 

Under the above assumptions, Snashall-Solberg considered the maximal ideal spectrum — 
MaxSpecH. Since H acts on Ext^(M, TV) for any two A-modules, assuming Iii{M,N) is the 
annihilator they defined a subvariety by 

Vh(M, N) = MaxSpec(H//H(^-^, ^))- 
Write /fj(M) = IniM, M). Then the (Hochschild) support variety of M e A-mod is given by 

V^{M) = MaxSpec(H//H(A^))- 

They showed that Vy^{M) = VSj(M, A/ Rad A) = Vh(^/ Rad A, M) and V^{AlR&dA) = V^. 
Various satisfactory properties were obtained in [25l|T5], see Theorem 3.4.4 below for a summary. 
For future reference, we record the following definition. 

Definition 3.4.1. A subvariety of Vjj is called trivial if it is (RadH°, H"*"), where H"*" consists of 
all the positive degree elements in H. 

Unfortunately the above conditions (Fg.f) and (Eg. 2) are not met by all finite-dimensional 
algebras, see [52]. Indeed they put restrictions on the algebras that one may consider. For 
example, two necessary conditions are that the algebra A has to be Gorenstein [15], and that 
Ext^e (A, A) itself must be Noetherian. 

Although many algebras do not satisfy (Fg.l) and (Eg. 2), we can show that Snashall-Solberg 
theory works for block algebras of a transporter category algebra k {G ocV). From [31] we know 
that Ext^ (Goc-p) iki k) is a Noetherian graded commutative ring such that Ext^ (GocV) ^) is 
finitely generated over it, for any pair of 9Jt, 91 G fc (G oc 7')-mod. It was also showed there 
that Ext^ {Gocvy (k (G oc V), fc (G oc V)) is Noetherian. We shall prove that Ext^, (gocP) (^7 .^)- and 
Ext^ (-Qg^p-jc (fc (G (xT'),k{G (X 7'))-actions on Ext^ (^^^^^(SIJl, Dl) are compatible and hence it im- 
plies that Ext^ {GocV) ^) is finitely generated over the Hochschild cohomology ring as well. 
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Theorem 3.4.2. Let 9Jl G kC-mod. We have a commutative diagram 

Ext^^(c) {k, k) ^ Ext^c ik, k) 

Extlc. {kC, kC) -^-^ Ext^c(a«, m 

with the left vertical map an injective algebra homomorphism. 

This actuaUy generahzes |29[ Theorem A]. Let us first recall some other necessary constructions 
from |j29j. For any category C there is a category of factorizations in C, written as F{C). The 
objects are the morphisms in C. When a morphism a G MorC is regarded as an object in F{C), we 
will denote it by [a] to distinguish their roles. If [a], [(3] are two objects in F{C), then a morphism 
[a] — >■ is a pair (/x, 7), /x, 7 G MorC, such that /3 = iiaj (that is, a is a factor of When C is 
a group, F{C) plays the role of the diagonal subgroup AG C G x G. Indeed, there is a category 
equivalence AG ~ F{G). 

Given a morphism a in C, we denote by t{a) and s{a) the target and source of a. They induce 
two functors t : F{C) -J> C and V = {t, s) : F{C) C ^ C x CP, fitting into the fohowing 
commutative diagram 

F(C) ^ 




* \ / P 
C 

where p is the projection. By definition t and s send [a] to the target and source of a, re- 
spectively. In [29\, we investigated the left Kan extensions LKp^^^ : A;F(C)-mod — >■ kC-mod and 

LKp^^-^ : kF{C)-mod fcC^-mod, proving LKp^^-^k ^ k and LKp^^-^k ^ kC. Furthermore LK'^^^,-^ 
induces an isomorphism Ext^^j-^;.-) (fc, fc) Ext^g(fc, fc), while LKpi^^^ induces an injective algebra 
homomorphism Eixtl.p^Q(k, k) — ^ T^xt1(^c{kC, kC). Especially F{C) is connected if and only if C is. 
At last LK^c : fcC^-mod —> fcC-mod is explicitly expressed as LK^^ = — (^kc ki where k is the 
trivial left fcC-module. 

When DJl = k, the lower horizontal map becomes the split surjection in [29| Theorem A] . 

Proof. Consider the bar resolution Sf'''''' — > fc ^ 0, and a map / : *Bn''''' = Cn(ldp(^Q /^i ^) k 
representing an element ^ G Ext^j?(-g)(A:, fc). We need to prove 
Extfcc (9^, 9^) ■ We do it by explicit calculations. 

Firstly, LK%\c^f : ^''^ = C„(V/-,fc) ^ LK'ff^c)k = kC is given on each {x,y) G 

OhC as 

{LKpi^(.)f)(x.:y) ■ C„(V/(a;, -J> kC{x,y) = fcIIomc(y,a;) 

by 

Here we denote by ([a,], (^*, 7,)) = ([ao], (/3o, 7o)) • ■ • ^ ([««], (/3n, 7n)) a base element of 
C„(V/(a;,?/), fc), where (/3i,7i) : V([ai]) (a;, y) is a morphism in C. From ([a*], (^*, 7*)) we 
can extract a base element of C„(Idi^'(c) /[/?nQ^n7ri], written as [a*] — [ao] ■ ■ ■ so our 

definition makes sense. Note that /3oQ!o7o = • • ■ = l3nanjn- 

Secondly, in a similar fashion, LK'^f^^yf : LKp^^^-^^n^'^'' = C„(t/— — > LKpf^^^k = A: is given 
on each x G ObC as 

{LKj,^c)f)x ■ 'Cn{t/x, k) k{x) = k 

by 

Here we denote by ([a*], /i*) = ([^o], /^o) • • • — > ([««], /in) a base element of Cn{t/x, k) and [a*] 
the encoded base element of C„(Idi?(c) /[/inOfri], fc). 
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Thirdly, LKp^^^S^^kc^ is represented by LKpf^^^f i^kcldcQi, while LKpi^^s^^^dJl is represented 
by some [LK^^f^^^f® Idrgi)o*i>n provided that P„ — 5- 9Jt — !> is a projective resolution and : — > 

LivT^^^^Sf "^^(8)971 is a lifting of the identity map of M. Let us take = LX^I^^^Bf ''^^ •S'kc ^ 
and construct which has to be unique up to homotopy. To this end, for any x e ObC and 
n > we define 

by 

([a,], (/3,,7,)) ® {m^) ^ ([a*],/3,) (g) (;5„a„7„) • ruy. 
Here we write each element in 9Jt = ®^gobc^('^) X^to"^™; which G 97t(w). Directly 
from the definition one can verify LK^^f^^^f ®kc^<^m = (i^^(c)/'8'IdOT)o$. It means LKpf^^-^^^kc 

a)t = ii^^(c)^^^eExtfcc(aH,an). □ 

To consider Snashall-Solberg's theory, we want the algebra in question to be indecomposable. 
Suppose k{G ocV) = Yii bi is a decomposition into (indecomposable) block algebras, see for 
instance [1, Section 13]. Since k{G (xV) is Gorenstein, so are its blocks. Let 6 be a block of 
k{G (xV). The above theorem implies that ExtKdJl,^) is a finitely generated module over the 
Noetherian ring Ext^e(&, 6), if DJl,^ e &-mod. It means Snashall-Solberg's theory works perfectly 
for blocks of finite transporter category algebras. 

Here we record some standard properties from Snashall-Solberg's theory. For convenience, we 
write 

n(97l,9T) = V%H(6)(97l,9T) 

if 6 is a block of fc (G oc V) and 971, 01 £ 6-mod. To be consistent, write Vb{M) = Vb{M, M). Some 
terminologies are recalled first. 

Definition 3.4.3. Let A be a finite-dimensional algebra and P* — > M — > the minimal projective 
resolution of M. Then the complexity of M is 

ca{M) = mm{s £ N | r G M such that diiUfe P„ < rn"^^ , for n > 0} 

Let (-)^ = Homfc(-, k) : fcC-mod ^ fcC°P-mod be the fc-dual functor. Recall that BC ~ BC°p 
and thus Ext^c(fc,A;) = Ext^^^op (fc, ^). It implies that Ext^g(fc,fc) also acts on Ext^gop(9T'^,9Jt'^), 
for any 97t, 91 G fc (G cx ■p)-mod. Some of these constructions pass to every block algebra of kC. 

The following statements are taken from Snashall-Solberg [25j and Erdmann-Holloway-Snashall- 
Solberg-Taillefer [T5]. Note that a block of a transporter category is Gorenstein, but in general 
neither selfinjective nor symmetric. 

Theorem 3.4.4. Let G be a finite group, V a finite G-poset, and k an algebraically closed field 
of characteristic p dividing the order of G. Suppose b is a block of k (G cc V) and 971,91 are two 
finitely generated modules of b. Then 

(1) 14(971) = IJg Vf,(97l, 6) = IJg Vb{&,dyi), where & runs over the set of all simple b-modules. 

(2) // ^ 97li 97I2 ^ 97t3 ^ is an exact sequence, then Vb(97t,) C Vf,(97tj) U T4(97ti) for 

= {1,2,3}. 

(3) ^6(97^1 ® 97t2) = VbiMi) U 14(97l2). 

(4) V6(97t) = t4(f7"(97t)) for any integer n such that 17" (971) 7^ 0. 

(5) Vf,(97t,9I) = V6op(9T^,97T^). Particularly Vb{m) = Vbop{m''). 

(6) dim 14(971) = C6(97l). 

(7) Vf,(97t) is trivial if and only i/97l has finite projective dimension if and only i/97l has finite 
injective dimension. 

(8) Let a be a homogeneous ideal in HH(6) ~ Fixtb^{b,b). Then there exists a module 97ta G b- 
mod such that Vf,(97la) — V{a). 

(9) IfVbiDJt) n 14(91) is trivial, then Extb(97l,9I) = for i > inj.dim&. 

(10) // 14(971) = Vi U V2 for some homogeneous non-trivial varieties Vi and V2 with Vi Cl V2 
trivial, then 971 = 97ti © 97l2 with H(93ti) = Vi and 14(97t2) = V2. 
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Proof. The first five properties follow directly from the definition of support variety for a module 
of Snashall-Solberg, and can be found in |25| . 

The rest come from |15[ Theorem 2.5, Theorem 4.4, Proposition 7.2. Theorem 7.3]. □ 

4. Standard properties of Vgocv{^) 

Snashall-Solberg's theory on a block algebra of a transporter category algebra is quite satisfac- 
tory in many ways. However, Hochschild cohomology rings do not behave well comparing with 
ordinary cohomology rings. For example, since an algebra homomorphism does not necessarily 
induce a homomorphism between their Hochschild cohomology rings, certain important properties 
in Carlson's theory are not expected to exist in Snashall-Solberg's theory. This is one of the rea- 
sons why we believe Vgocp(9H) has various advantages over 14(371) which we try to demonstrate 
in the rest of this paper. 

4.1. Principal block. Let k{GocV) be a transporter category algebra. Remember that we 
assume G cx P is connected, which is equivalent to saying that k is indecomposable. We pay 
special attention to a special block of the transporter category algebra, closely related to our 
support variety theory. 

Definition 4.1.1. Assume C is a finite connected category. We call a block of kC the principal 
block if the (indecomposable) trivial module k belongs to it, and consequently name the block bo. 

Since one can take a minimal projective resolution of k consisting of projective modules belong- 
ing to bo, Ext^(^(A, fc) = Ext^|^(fc, fc) is an invariant of the principal block, comparable to the group 
case, see for example |20) . 

Return to transporter category algebras. We claim 

(i) Ext^ (Qg^p) (fc, fc) is a (usually proper) subring of Extjc (6o, &o); 

(ii) Snashall-Solberg's theory is valid for the subring 

H:= (^(foo),Extfc(G^p)(fc,fc)) -^Extf,g(&o,&o); 

(iii) Ext^. (Qg^p^(fc, fc) ^ (Z(feo), Ext^ (g^g^p^(fc, fc)) induces an isomorphism after quotient out 
nilpotent elements. 

The ordinary cohomology ring is known to be finitely generated [SUI, and thus so are 
the rings (.Z(6o), Ext^ ^Qj^p-j (fc, fc)) and H. Assuming these claims, along with Theorem 3.4.2, it 
guarantees that Snashall-Solberg's theory can be implemented to H C HH(6o) for the principal 
block of fc(G'ocP). 

Claim (ii) comes from Theorem 3.4.2. Claim (iii) is easy to verify since the commutative local 
algebra Z(bo) quotients out the unique maximal ideal, that is, its nilradical, is exactly k for k is 
algebraically closed. To establish Claim (i), we have the following proposition. 

Proposition 4.1.2. Let C be a finite connected category and bo the principal block of kC. The 
injective homomorphism 

^xtlc{k,k)-^Extlc,{kC,kC) 
induces an injective homomorphism 

Extlc{k,k)^Extl.ibo,bo). 

Proof. As a fcC^-module, kC — ®ibi. Since LK^^kC = k and LK^c preserves direct sums, we see 
LK^cbo = 6o ^fec = fcj a-iid LK^^bi = if 6,; is not principal. It implies that the split surjection 
in |29J 

Ext^c= (fcC, kC) Extj^c (fc, k) 
induced by Lif^e, restricts to a split surjection Ext^e (6o, &o) — Extfcc(.&i^)- Hence we are done. □ 
From the preceding discussions, we get 



14 



FEI XU 



for all DJl e 6o"mod. Note that, for any OJl G 6o"niod, there exists a finite surjective map 

Vt,{m)^VGocvm)- 

We do not know yet when it becomes an isomorphism. 

4.2. Standard properties. A subvariety of VgocV is trivial if it is the ideal consisting of all 
positive degree elements of Exti,((5o^-p)(A:, fc). 

Theorem 4.2.1. Let G be a finite group, V a finite G-poset, and k an algebraically closed field 
of characteristic p dividing the order of G. Suppose 9Jt, *Tt are two finitely generated modules of 
k{GoiV). Then 

(1) Vgxv{^) = Ue ^G(xp(5K, &) = Ug Vgcx-p(6, 971), where 6 runs over the set of all simple 
fc (G oc V^-modules. 

(2) // OTi ^ 97I2 ^ is an exact sequence, then Vgocp(971j) C VGocp(9^i) U 
VGo.viS^i) for {^, J, 2, 3}. 

(3) Va^viS^i © 9«2) = ^Gocp(»ti) U VgocT'CMs). 

(4) VGocp(97t) = VGocT'(f^"(2n)) /or any integer n such that Q''{m) ^ 0. 

(5) Vcocvm^'yi) = V(GocP)-(^^,»t''). Particularly Fgocp(OT) = yjcocP)- (9^^)- 

(6) dimyGocp(9Jl) =Cfc(GocP)(97l). 

(7) VgocpIQ^) is trivial if and only if dJt has finite projective dimension if and only if DJl has 
finite infective dimension. 

(8) Let a be a homogeneous ideal in Ext^, (qcxP) (.^i ^) • Then there exists a module $Ha G 
k{G oc V)-mod such that VGo^vi^a) — ^(c)- 

(9a) If VGa:v{i^nomk(M.N)) trivial, then Ext*^. (g^p) (km , kn) = for i > dimP. 
(9b) Ifm,^e bo-mod and Vg«-p(M) n VgocvC^) is trivial, then Ext'j, (g^^) (OT, 9t) = for 
i > inj.dim6o. 

(10a) If xi'P) = 1 (mod p) and Vgoc7'(km) — Vi U V2 for some homogeneous non-trivial vari- 
eties Vi and V2 with Vi H V2 trivial, then km — ffi with Vgoc'p('*Mi) = Vi o,nd 
Vg(xp(ka/2) = ^2- 

(10b) IfdJl e bo-mod such that Vgocp(9K) = V1UV2 for some homogeneous non-trivial varieties Vi 
and V2 with VinV2 trivial, then M ^ 9Jli®9Jl2 with Vgocv(PIi) = Vi and VGo,vi^2) = V2. 

Proof. The first five properties follow directly from the definition of Vgoc-p(9^, 9^). The proofs are 
entirely analogous to the group case, see [3 [16] . 

The proof of (6) is exactly the same as that for groups, see for example [71 Proposition 5.7.2]. 
As for (7), one direction is straightforward. Also by Lemma 2.3.1 (2), it is equivalent to saying 
that 9Jt is of finite injective dimension. Now let us assume Vgocp(9^) is trivial. Then by (6) 
Cfe (GocP) (9^) = 0- It forces the minimal projective resolution of 9Jl to be finite. 

Part (8) follows from Vgocv{^) = Vm{^) if 971 G 60-niod. Let a be a homogeneous ideal 
in ^xti.(^GocV){kik)- Then we can define a homogeneous ideal a' = {Ra.d Z (bo) , a) of H. From 
Snashall-Solberg's theory [151 Theorem 4.4], the general form of Theorem 3.4.4 (8) for bo, there 
exists a foo-module 9Jla such that Vii(97ta) = ^(i')- But V{a') is identified with V{a) under the 
isomorphism Vm Vcoc-p, and VGo^vi^a) = VmiMa)- 

Since (9b) and (10b) are Theorem 3.4.4 (9) and (10) specialized to the principal block, we shall 
prove only (9a) and (10a). 

To prove (9a), we notice that Extlf^GocV)i'^M, ^n) = ^^^k{GocV)it., ^^KomkiM^N)) (see Section 
2.5). From (7), the assumption implies that KHomi.(M.Af) h^s finite injective dimension. Hence the 
statement follows from Lemma 2.3.1. 

As to (10a), we recall from Section 3.2 that if xi'P) = 1 (mod p) then there exists a finite 
surjective map VGccvi'^M) Vg{M) for M G fcG-mod. Under the circumstance, let V^ be the 
images of Vi, for i = 1,2, we see that VgIM) = VlUV^ with VlnV^ trivial. By [3 Theorem 5.12.1], 
M = Ml (B M2 satisfying Vg{Mi) = V( and Vg{M2) = Then hm = kmi ® and hence 
^G(x'p(«^A/) — Vgoc'p('*Mi) U Vg(x_v{i^M2)- Moreover since the preceding map between varieties 
restricts to finite surjective maps VGo^vif^Mi) ^^(Mi) for i — 1,2. It implies Vi = VGocvi^^Mi) 
fori = 1,2. □ 
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By Theorem 4.2.1 (7) and Lemma 2.3.1, Vg(xT'('«m) is trivial if and only if km has finite 
projective dimension if and only if M is a projective fcC^j-module for all x S Ob(G'oc7^). If 
V = £p, the poset of all elementary abelian p-subgroups of G, by Chouinard's theorem [71 Theorem 
5.2.4] it is equivalent to saying that M is a projective fcG-module. 

It is not known yet whether in (9a) and (10a) we may replace the constant modules with 
arbitrary modules. 

4.3. Consequences of module filtrations. Recall that since G (xV is a finite El-category, 
every k{G oc ■p)-module dJt is constructed from atomic modules DJlx, where IXftxiy) = ^{x) if 
y = X OT zero otherwise. The following result says that only SOt-objects contribute to the variety 
VgocvO^)- Moreover the non- isomorphisms do not play a big role. 

Proposition 4.3.1. We have VGocvi"^) = ^Gocp(»t,) = [jix]''G%]^Gc<[x]i'^x), where [x] 
runs over the set of isomorphism classes of ^-objects. 

Particularly VgocvIkm) Ufa;] ''G'i'[x]^Goc[x]{i^M), for any M G kG-mod. 

Proof. The containment Vcoivi^) C Ufijeis (Goc-p) Vg<xv{^x) follows from Theorem 4.2.1 (2). We 
establish the equality. Firstly we note that Ext^ (jj^^-^{yKx,'^x) — ^^^*k(Gailx]){'^x,^x) naturally. 
Moreover we have a commutative diagram 

Ext: ioocv) it k) 1®^L^ Ext^ ^ao.v) (9^, m 

Ext:(c^[^])(fc,fc) ^Ext:(c,oc[x])(9^x,97l:r) 

To establish the above commutative diagram, we can represent cohomology classes by n-fold 
extensions and notice that both restrictions and —®— are exact. 

The Ext^ {GocV) (^i fc)-action on Ext^ (GocV) i^x , ^x ) factors through the action by Ext^g^ j^,] (fc , k) . 
Hence we have Vgocv{^x) = '■Ga:'[x]^Goc[x] i^x)- Based on the same diagram we see that Iccxvi^) 
kills Ext:(G^p)(an„»t,). It means Voocvi^x) C Voocvi^)- □ 

We remind the reader that since G cx [x] as a category is equivalent to Gx, Vqoc[x]{^x) can be 
identified with Vg^xx{^{x)). 

Corollary 4.3.2. We have Vcocvi^) — U[x] ^G°^xx^Ga:Xx{^{x)), where [x] runs over the set of 
isomorphism classes of objects, and hence Vg'ocp(km) = ^[x] ''c'^xx^G^xxiM) for any M G kG- 
mod. 

If G acts trivially on a connected poset V, then Voxvi^) — iJx ''gTxx^g{'^{x)) . Especially 
VcxviKM) = Vg{M) for any M £ kG-mod. 

The reader may go back and have another look at Example 3.1.2. We note that if a; y in 
G oqV. then there exists an element g (z G inducing an isomorphism by conjugation Gx — > Gy. It 
implies that Va^xxiMix)) ^ Va^xyi^iy)) = Vgo,[x]{Mx) and 

'^'s:LvG.xxmix)) = >^^:^yVG,xym{y)) = .g-f,]Vboc[.](OT,) = vaocvrnx). 

Corollary 4.3.3. If M e k{G (x'P)-mod and H d G is a subgroup, then i%°^VH^v{^) C 

Proof. By the preceding resuh, we have Vhocv{^) = [Jx'^H'^xx^H^xxi^ix)), and Vgolv{^) = 
i-G^^xx^G^xxi^ix)), where x runs over the set of all 2Jt-objects. 

Since = '-gTxx^hITx and 4:^:^if.x.(OT(x)) C Vfe,x.(OT(x)) is known in Carlson's 

theory, our claim follows. □ 

In a similar fashion we can show if Q is a G-subposet of V then 

iG^QVHocQim) CVaocVm 

for any 931 G fc (G oc ■p)-mod. 
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4.4. Varieties of Mackey functors. There are various ways to construct modules for a trans- 
porter category algebra. In [31] we examined a context of three categories 

GoiV 



G C, 

where C is a quotient category of G (xV. An illuminating example is that, when P is a poset 
of subgroups and G acts via conjugation, we may define an orbit category C — 0-p{G) as the 
quotient category of G oc such that Homo^ (c) (iJ, if ) = K\RomGocv{H, K) = K\Ng{H, K). 
Thus every A:073(G) -module (resp. kO'p {G))-modu\e) can be restricted to a fc (G oc 'P)-module 
(resp. fc (G oc 7-')°''-module). If S is the poset of all subgroups of G, a fcOg'(G)-module is often 
called a coefficient system (for equivariant cohomology of G-spaces) . The natural examples are the 
Mackey functors [T31|2SIIZ3- ^ Mackey functor may be defined as a fcC'5(G)-bimodule enjoying 
certain extra properties. However after restriction (brutal truncation) we have no trouble to get 
a fcC'-p(G)-bimodule for an arbitrary G-subposet V <Z S. Thus every Mackey functor gives rise to 
a fc (G oc ■p)-bimodule. In light of this it is tempting to introduce the following concept. 

Definition 4.4.1. Let 9Jt be a Mackey functor and V a G-poset consisting of some subgroups of 
G. The variety of the Mackey functor is Vcocvi^), where is regarded as a (either left or right) 
module over k{G (xV). 

The reason why choosing the left or right k{G cc 'P)-module structure for a Mackey functor 
shall not make a difference is that, as far as we concern, only its values on objects matter, see 
Proposition 4.3.1. 

Example 4.4.2. Let us now consider the poset £p and the Mackey functor Jo^j :— H"(— ,M), 
where n is a non-negative integer and M is a fcG-module. Then we have 

Vgo^E^^Ii) = ^Eill%^VMa(E)iji''{E,M)). 

Particularly when n = and M = k, Sj^ = k. Based on discussions in Section 3.2 we get 

It shall be interesting to understand the varieties of various Mackey functors. 

5. Further properties 

In this section we shall deal with comparing varieties of categories. The main results are the 
generalized Quillen stratification and its consequences. 

Bear in mind that, for the sake of simplicity, if P — >■ C is a functor and 9Jt is a fcC-module, when 
it will not cause confusions, we often regard 97t (instead of writing Res^ 9Jl) as a fc2?-module, even 
though its underlying vector space structure usually changes. 

5.1. Quillen stratification. In [23' 'H] Quillen worked with G-spaces and equivariant cohomol- 
ogy rings. Here we are interested in G-spaces which are classifying spaces of finite G-posets. In 
order to make a smooth transition from G-spaces and equivariant cohomology to G-posets and 
transporter category cohomology, we first recall some of the original constructions and then restrict 
to our case. 

Given a G-space X and a ii-space Y, a niorphism from {H,Y) — > {G,X) is a pair {(l>,F) such 
that (f) : H G is a group homomorphism and 6 : Y ^ X is a continuous map satisfying the 
condition that 

(f>ih)9{y)=9{hy), yheH,yeY. 
Such a morphism induces a continuous map : EH Xh Y ^ EG X and thus a restriction 
map between equivariant cohomology 

One can compare these constructions with those introduced before Example 3.1.2. 
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In Quillen's papers |23[ 124) . it is proved that if is a G-space, either compact or paracompact 
with finite cohomological dimension, then there exists an F-isomorphism 

q = qcx : H&(^) ^ hm_^^^^^H*(-B) 

where Ap{X) is called the Quillen category and its objects will be named Quillen pairs for the 
G-space X in this article. More explicitly, the objects in Ap{X) are of the form {E,C), where E 
is an elementary abelian p-subgroup of G and G is a (non-empty) connected component of X^ . 
A morphism from {E' , G') {E, G) is a pair (0, i) with ip — Cg : E' ^ E ior some element g G 
and i : gC G' an inclusion. Particularly if g can be chosen to be the identity element of G, then 
we call {E',C') a Quillen subpair of {E,C), and write {E',C') < {E,C). In this way, all Quillen 
pairs form a poset Qp, with obvious G- action. 

Remark 5.1.1. Another way to construct the Quillen category is to define it as a quotient category 
of the transporter category G oc Qp, where Q is the G-poset of all Quillen pairs for X, through 

Hom^^(x) ((i?', G'), {E, G)) = HomccQ, ((i?', G'), {E, C))/Cg{E', G'), 

where Cg{E',C') = {g £ G \ gC' — C',ghg~^ = h for all h & E} is called the centralizer of 
{E',C'). We also denote by Ng{E' ,G') = G(e'.g') the normalizer of {E',C') and Wg{E\G') = 
Ng{E',C')/Gg{E',C') the Weyl group of {E',C'). 

Quillen's map q is induced by •) {EjG) — > {G,X), where • is sent into G. Since 
E acts trivially on G, the choice of an embedding • ^ C does not matter. In fact in any 
case this map induces a surjective map H^(G) — > H^(») which becomes an isomorphism after 
quotient out nilpotents in both rings. Consequently MaxSpecH£;(G) = MaxSpecH£;(»), that is, 
Ve,g = Ve,* ~ Ve- 

Let Vg,x — MaxSpecHG(-^)- The geometric version of Quillen's map is 

Vg,x ^ U i^e[c^e,g^ IJ i^e[c''e['^^e,,, 

{E,C) {E,G) 
G X . . G X 

where t^'^ : Ve.g ~^ Vg.x is induced by res^'^ . Based on the observation that each morphism 
{E',C') -T- {E,G) in the category Ap{X) induces a ring homomorphism H^; — > H^;/, which is 
compatible with the two maps IIg(-'^) ^ Hg/ and IIg(-'^) 11*e coming from {E',C') -)> (G, X) 
and {E, C) — (G, X), Quillen then continued to demonstrate that Vg.x is a disjoint union of some 

G X^ 

locally closed subvarieties Vg by examining more closely the following diagram 

Ve' — Ve\c' ^ yE,c = Ve 




Vg.x 

Here the horizontal map is t^, (corresponding to H^/), riot the senseless i^;*^/, since a 

morphism in Ap{X) is different from the morphisms introduced in the second paragraph of this 
section. 

Theorem 5.1.2 (Quillen). The dimension of Vg.x equals the maximum p -rank of an elementary 
abelian p-subgroup from Quillen pairs. 

We shall come back to Quillen's results shortly after we sort out all terminologies. 
Now we turn to the case oi X — BV for a finite G-poset V. Let us remind the reader of several 
relevant results. 

(a) Suppose a G-space X is either compact or paracompact with finite cohomological dimen- 
sion. If H*(^) is finite-dimensional then so is H*(G) for all possible G from Quillen pairs, 
[23', Corollary 4.3]. 

(b) [BVy = B{V3) (fixed points) for any g e G, [12, Proposition 66.3]; 
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(c) Let Sp and £p be the G-posets of non-identity p-subgroups and of elementary abelian 
p-subgroups of G. Then obviously any elementary abelian p-subgroup E has the property 
that both (BSp)-^ and {BEp)^ are non-empty. 

When X = BV for a G-poset P and M € fcG-mod, we know (Idcpt) : [G^BV) 
(G, •) induces the following restriction map 

res : Ext*G(/c,fc) = H*(G) ^ H^(B7') = Ext* (^ocT^^fefc), 

which is injective if the Euler characteristic x(^) = xiBV) is invertible in the base field, 
by invoking the Becker- Gottlieb transfer [32J. A typical example of such G-posets is Sp, 
the poset of non-identity p-subgroups in G, since Brown's theorem |7j Corollary 6.7.4] says 
that x{Sp) = 1 (mod p). There are several well known subposets that are G-homotopy 
equivalent to it, and thus possess the same property. 

Consider the canonical map (Id£;,pt) : {E,X) •), where E is an elementary 

abelian p-group. A more involved result says that the restriction res : H^(») H^(A") 
being injective is equivalent to saying that is non-empty, |19l IV. 1, Corollary 1]. If 
X = BV such that x(^) = 1 (mod p), by O Capter III, Theorem 4.3] we get x(^^) = 1 
(mod p). This implies that BV^ ^ and that res is injective, matching the observation 
we made using the Becker- Gottlieb transfer. 
From now on we focus on the case X = BV for a finite G-poset V . By doing so. we restrict to a 
special case of Quillen in order to get rid of topology and unveil the underlying algebraic/categorical 
constructions. Most importantly we gain the freedom to work with varieties of modules. 

Let E be an elementary abelian p-subgroup of G. Because BV^ — B{V^), a Quillen pair for 
the G-space BV is of the form {E, BC) in which C is a connected component of the poset V^ . Thus 
under the circumstance, we may write each Quillen pair as {E,C) with C a connected subposet of 
V^, and call {E,C) a Quillen pair for the G-poset V. 

Quillen stratification in our setting says (to be consistent with terminologies in Section 3.1 we 
choose to write t^xc '''e'bc ^^'^ accordingly VgocV for Vg,bv etc.) 

V — I I ,Goc-Pt/ _ I I ,GccV,ExC^r 
VGocV - (J l-ExC^ExC- (J ''ExC''Ex,^Ex,- 

(E.C) [Efi) 

Note that Eo<iC = ExC\sa. subcategory of G cx "P, and Vexc — Vex»- 
Remark 5.1.3. The theorem of Alperin-Avrunin-Evens [16, Theorem 8.3.1] says that 

Vg{M) - U i%VE{M), 

E<G 

where E runs over the set of all elementary abelian subgroups of G and M is a fcG-module. Since 
Gx is the isotropy group of a: G ObP, we know x G OhV^ if and only \i E C Gx- Thus if {E,C) 
is a Quillen pair, any object x G ObC satisfies the condition that E C Gx- Thus 

'-ExT^Exx C Vg^xx = Vgc^Ix] 

Based on the Alperin-Avrunin-Evens' theorem, we can rewrite Proposition 4.3.1 and Corollary 

VGocvm) =U[.]^g«r.]VbocH(9^.) 

= Uy4SyVG,>^ymiy)) 

= Uy.EcG, '^'ixl^VExyimiy)) 
= UiE.C) &VExCm). 

These shall be useful for us in the sequel. We note that if {E, C) = {^E, gC) for some g G G, that 
is, two Quillen pairs are isomorphic in G cx then l'^^'^Vexc{'^} = L?ExgC^^Exgc{^)- 

Let {E,C) be a Quillen pair and E' a subgroup of E. Then we denote by C\E' the connected 
component of V^ which contains C, determining a unique Quillen subpair [E' ,C\E') < {E,C). 
One can easily verify 

E E'x{C\E') _ ExCRxx . t/ _ t/ . t/ _ t/ 

I^E'I-E'xx - ''Exx'-E'xx ■ ^E' - Ve'xx ^ Vexx - Ve, 
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for every x G ObC. 

Lemma 5.1.4. For any Quillen pair {E,C) and 9JI G k{E x C)-mod 

Proof. By Corollary 4.3.2, Vexc{^) — U^eobc ''Exx^exx{^{x)) because the isotropy subgroup 
of every x G C is exactly E. Then 

ExC Exx Tr icmt w 
''Exx''E'xxVe'xx{^{x)) 

^4-4'lx^'''^VE.xxm{x)) 

for every x G ObC The second equality uses [7, Proposition 5.7.7]. Consequently we get 

{i%,VE>xiC\E')] n VExdm = {i%,VE'xiC\E')] H {UeObC t|^^ViJx.(OT(x))} 

= \^x^0^.c{4'4lT'^VE'xx{m{x))} 
= i%'VE'x(C\E')m)- 

The last equality is true since ^{y) = if y G Ob(C|£") - ObC, by definition. □ 
We set 

'^ExC^'^ExC - U I^E'^E' x(C\E') 
E"^E 

Vexc(ot)+ = y+^c n VExcm) 

^ExC —l-ExC^ExC- yj l'E'x{C\E'yE'x(C\E') 
E"^E 

vi^^m)+ = i^^-^VExcmr 

The following is established by Quillen for arbitrary V and dJl = k [21] and by Avrunin-Scott 
for P = • and arbitrary modules [5]. Our generalization is based on both of these special cases. 

Theorem 5.1.5 (Stratification). Let G ccV be a finite transporter category, k an algebraically 
closed field of characteristic p dividing the order of G and dJl & k(G <X- 'P)-mod. Then 

vao^vm = l+J v^^^m^, 

(Efi) 

where the index runs over the set of isomorphism classes of Quillen pairs. Moreover we have a 
homeomorphism 

VEfi{m)+/WG{E,c) ^ vi^^{m)+. 

Proof. We know for 971 = fc the Quillen stratification 



'ExC 

(Efi) 



with 

From Remark 5.1.3 we have 



V+,jWG{E,C)c^V^^r 



vco^vm = u '^%xcVExcm)- 

(Efi) 

Since Lemma 5.1.4 implies 

VExCm)^ = VExCm)- U 4l4;'x(C|B')(^)' 



E'<gE 



we get 

fgocp(ot) - u L%^ivExcmr 

(Efi) 
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It follows from Quillen's original result that, if {E, C) runs over the set of isomorphism classes of 
Quillen pairs, 

(E,C) 

and that there is a homeomorphism 

□ 

5.2. Subcategories and tensor products. Here we record a few more expected interesting 

results as consequences of the Quillen stratification. 

Theorem 5.2.1. Suppose V is a G-poset and H is a subgroup of G. Then, for any 931 G k{G (xV)- 
mod, 

Proof By Corollary 4.3.3 4^^Vhocp(971) C Vccvipl)- Given a Quillen pair {E,C) for H oc V, 
{E,C) is also a Quillen pair for G oc 7^ with Wh{E,C) C Wg{E,C). By Theorem 5.1.5, there is a 
commutative diagram 

VE^cm^lWH{E,C) ^ VExcm)^/WG{E,C) 



vg^^mr — vi^^{m)+ 

Since the upper horizontal map is surjective and the vertical maps are homeomorphisms, the lower 
horizontal map is surjective. Wc arc done. □ 

We could not find a way to generalize the above statement for an arbitrary sub-transporter 
category of G oc P. However we have the following. 

Proposition 5.2.2. Suppose V is a G-poset and Q is a G-subposet. Then, for any M e kG-mod, 

i-G^ Vgoc-p(km) = Vgocq(km)- 

Proof. The proof is similar to the previous one. If {E, C) is a Quillen pair for G oc Q, then there 
exists a unique Quillen pair (E.V) for G ocV. We note that Vexc{km)~^ = Vexv{km)~^ ■ Also by 
definition if gC = C then gV ^ V as well, for any g G G. It implies that Wg{E, C) C Wg{E, V). □ 

Recall that for any category T) there is a diagonal functor A : T> ^ T> x T>. Then image of T> 
is written as AD. If C is a connected poset, then so is C x C Suppose G oc "P is a transporter 

category and (E.C) is a Quillen pair for the G-poset V. Then (AE,C x C) is a Quillen pair for 
the (G X G)-posct PxV. Note that from Remark 2.1.2 (G x G) oc x P) = (G oc T') x (G oc P). 

Corollary 5.2.3. Suppose G is a finite group and P is a finite G-poset. If H is a subgroup 
of G and Q is a H-subposet of P , then i-'h^q VgocpI^cm) = ^i/ocQ('^M)- Particularly for any 
k{G X G) -module N 

'-GocP ^iGxG)<x{rxr)[l^N) = VGocVKKn)- 

Proof. We apply Theorem 5.2.1 and Proposition 5.2.2 to the following three transporter categories 

H Qc H xP C G &:P. 

For the special case, wc consider G (xP = AG x AP C AG x {PxP) C {GxG) x (PxP). □ 

We need a technical result for the last main result. 

Proposition 5.2.4. Suppose V and C are two finite categories with finitely generated ordinary 
cohomology rings. Iff)R,OJl' € kV-mod and 01, 01' e kC-mod, then 



SUPPORT VARIETIES 



21 



Proof. Let <pf ^ ^ and <pj ^ ^Tl ^ be two projective resolutions. Then ®k 'P^ 

®fc ^ is a projective resolution of the k{V x C) ^ kV ®fc fcC-module M ®k ^- The 
isomorphism follows from 

Hom,.p^fcc(*P? ®fe *P^,a)t' ®fc ^ Homfcp(q3f ,9Jl') ®fe HomtcCP^ , ^'), 
and the Kiinneth formula. □ 

When we examine transporter categories, the above result has the following consequences. 

Corollary 5.2.5. Let Gi oc Vi and G2 oc V2 be two transporter categories. Then there is a 
natural isomorphism 

If M & kGi-mod and N G kG2-mod, under the above isomorphism we have furthermore 

Proof From Remark 2.1.2 we have (Gi x G2) oc {Vi x 7^2) = (Gi oc Pi) x (G2 oc 7'2)- The 
statements on varieties are true, because 

^^^*k[{GixG2)oc{VixV2)]i'^M(»N , KM(Sn) = E^i*k[{GiocVi)x{G2CcV2)]i'^M ® '^N, Km ® Kn) 

= Extfc(G,,ocPi)('«M,KAf) «)Extfc(G^^p^)(KAr,KAr). 

□ 

Based on the preceding results, we can extend the tensor product formula Va{M ®k N) = 
Vg{M) n Vg{N) of Avrunin-Scott [5]. 

Theorem 5.2.6. Let G be a finite group and V a finite G-poset. Suppose M, N are two kG- 
modules. Then VaocvinM^KN) = Vgoc-pC^m) n VcocvinN)- 

Proof. Let us consider the functor A : G oc V ^ {G oc V) x {G (x V) and the restriction along it. 
Because 

by Corollary 5.2.3 we have 

^ A A (Goc-P) X (Goc-P)-!,, . „ s 

VGocVKl^M'&'kKN) — l-GocV ^{Gccr) x (GocP) l^M Klfc Kjvj. 

From (G X G) oc (7^ X T') ^ (G oc 7^) X (G oc P) and Corollary 5.2.5 the right-hand-side is 

which exactly is Vgocp('«m) n VGocT'('«Af)- □ 

With Theorem 5.2.6, taking Theorem 4.2.1 (5) in account one can see there is some relation 
between the conditions in (9a) and (9b) in Theorem 4.2.1. 
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